
ISRAEL JOURNAL OF MATHEMATICS 105 (1998), 85-92 

ERRATUM TO: "BANACH SPACES WITHOUT 
LOCAL UNCONDITIONAL STRUCTURE" 

BY 

RYSZARD A. KOMOROWSKI 

Institute of Mathematics, Technical Unwerszty 
Wroctaw, Poland 

e-mad: komo@grafnm.pwr.wroc.pl 

AND 

NICOLE TOMCZAK-JAEGERMANN 

Department of Mathematical Sciences, Unwerszty of Alberta 
Edmonton, Alberta, Canada T6G 2G1 

e-mail: ntomczak@approx.math.ualberta.ca 

ABSTRACT 

This  note  conta ins  a corrected proof of the main  resul t  (which remains  

unchanged)  from [K-T]. I t  was recently observed t h a t  an a rgument  in a 

basic technical  c r i te r ium has a gap. 

The first named author recently observed that our paper [K-T] contains a gap. 

Here we shall correct the formulation of a general result (Theorem 2.1 in [K-T]) 

and then we shall complete the proof of the main application to the homogeneous 

Banach space problem (Theorem 3.1 in [K-T]), that is now neccessary in view of 

modifications in the aforementioned general statement. Corollaries 4.3, 4.4 and 

4.5 from [K-T] do not require any changes. 

This note is not self-contained. However, in order to make it possible for the 

readers a little familiar with [K-T] to read it without constantly referring to the 

original paper, we occasionally recall background information from [K-T]. 

The gap is in the proof of the fundamental criterium, Proposition 1.1 in [K-T]. 

One deals there with a Banach space Y which has a 2-dimensional 

Received July 11, 1996 

85 



86 R . A .  K O M O R O W S K I  AND N. T O M C Z A K - J A E G E R M A N N  Isr. J. Math .  

Schauder decomposition {Zk}k. Assuming that  Y has cotype q < oc and Gordon-  

Lewis 1.u.st., one constructs a block diagonal operator T, which was claimed to 

be bounded on subspaces YK for which the decomposition {Zk}keK was uncondi- 

tional. In fact, we can estimate IfTly K II only if YK is complemented by the natural  

projection. To be more precise, for a subset K C N we define QK: Y -+ YK by 

QK(~k zk) = Y'~keK zk. Then the correct formulation of Proposition 1.1 states, 

in condition (ii), that  if the decomposition {Zk}keK of YK is C-unconditional 

and IIQKII < C' ,  then 

(1) [ITIYK: YK ~ YKII <- C2C'r 

where ~ is the same function as in [K-T]. 

The proof uses the same operator T as in [K-T], and the estimate is completely 

clear from the original proof, once we notice that  letting Pk: Y ~ Zk denote the 

natural  projection onto Zk, for k = 1, 2 , . . . ,  we trivially have Pk = PkQK for 

every k E K,  and thus, for arbitrary signs ek = +1, we have 

E c k P k : Y ~ Y K  = E e k P k Q K  <_CC'. 
k E K  kEK 

Remark: Note that  if the decomposition {Zk}k of Y is unconditional, the nat- 

ural projections QK are automatically bounded for all K C N. In this case the 

proof of Proposition 1.1 in [K-T] was correct, so Corollaries 4.3, 4.4 and 4.5 do 

not require any changes. 

The remaining part  of this note depends heavily on technical notation from 

the end of Section 1 of [K-T]. For the reader's convenience we recall the most 

important  one. 

If A {A,~},~ and A'  A' = = { m}m are partitions of N, we say that  A >- A',  if 

there exists a parti t ion J ( A ' ,  A) = {Jm}m of N such that  

(2) min Jm < min Jm+l and A "  = U A3 for m = 1, 2 , . . . .  
3 E Jm 

If A~ = {A~,m}m, for i -- 1 ,2 , . . . ,  is a sequence of partitions of N, with 

A1 ~ -. .  >~ A~ >~ . . . ,  we set, for m = 1 ,2 , . . .  and i = 2 ,3 , . . . ,  

(3) 1G,,~ = {K C A~,m I IK NA~_lol = l whenever A~_lo C A~,m}. 

Now Theorem 2.1 from [K-T] requires an obvious extra assumption of bound- 

ness of natural  projections. Although the statement of this theorem is rather 

lengthy, we recall it here (in a corrected form) for the sake of future reference. 
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THEOREM *2.1: Let X = F1 0 " . . 0 F 4  be a direct sum of Banach spaces of 

cotype r, for some r < oe, and let {f~,l}l be a normalized monotone Schauder 

basis in F~, for / = 1 , . . . ,  4. Let A1 ~- . . .  > A4 be partitions of N, A,  = {A,,,~}~ 

for / = 1 , . . . ,  4. Assume that there exist C, C '  _> 1 such that for every K E lC~,,~ 

with i = 2, 3, 4 and m = 1, 2, . . . ,  the basis {fs,l}leK in Fs[K is C-unconditional, 

and the na tu ra l  projection R~):  Fs -+ Fs[K has the norm IIR~)[I < C ' ,  for 

s -= 1 , . . .  ,4; moreover, there is C _> 1 such that for i = 1 ,2 ,3  and m = 1 , 2 , . . .  

we have 

(4) IlI: FdA~,m -~ F~+llA . . . .  II <-- & 
Assume finally that one of the following conditions is satisfied: 

(i) there is a sequence 0 < 6~ < 1 with 6m $ 0 such that for every i = 1, 2, 3 

and m = 1, 2 . . . .  and every K E IC~+l,m we have 

(5) [lI: D(F1 |  | F,)IK -~ F~+IIK[I > (~nl; 

(ii) there i s a s e q u e n c e 0  < 5m < 1 w i t h h m  $ 0  a n d ~ m  61/2m = 3 ' <  oo such 

that for every i = 1, 2, 3 and m = 1, 2 , . . .  and every K E lC~+l,,~ we have 

(6) III: F~+IlK -~ F~IKI[ > ~n 1. 

Then there exists a subspace Y of X without local unconditional s t ructure ,  but 

which still admits a Schauder basis. 

The  only addi t ion to the original proof  is to check tha t  the assumpt ion  for 

[IQK: Y -+ YK]I required in the fundamenta l  criterion is now satisfied. If xk and 

Yk are given by the same formulas as in [K-T], then an obvious calculat ion shows 

that 
4 

Q g ( z ) =  E R ( ~ ) ( E ( t k ~ s , k  +ffkC~ls,k)fs,k), forz---- E ( t k x k  + t~yk), 
s : l  k k 

and thus  ItQK[I-< 4 m a x s  IIR )II. 
T h e  remaining  par t  of this note contains the proof  of Theo rem 3.1 f rom [K-T], 

which says: 

THEOREM 3.1: Let X be a Banach space with an unconditional basis and of  

cotype r, for some r < cx). f f  X does not contain a subspace isomorphic to 12 

then there exists a subspace Y of X without local unconditional structure, which 

admits a Schauder basis. 

Let {ez}z be a 1-unconditional basis in X.  Passing to a subsequence we m a y  

assume wi thout  loss of generali ty tha t  {el}l generates a spreading model  {ul}l- 

We dist inguish two main  cases. 
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(I) Ei ther  no sequence of disjointly suppor ted  blocks of {el}l of length _< 3 

wi th  cons tant  coefficients is equivalent to {ut }z, 

(II) or the basis {et}t is 1-subsymmetr ic .  

If  Case I does not hold, then there exist disjointly suppor ted  blocks {wt}l 

equivalent to {ut}z; so by renorming we get into Case II  for X~ -- s-p-gfi{wz}t. 

(Note t ha t  the length of these blocks is not used here.) 

Case I is new, compared  with [K-T]. I t  is contained in the following proposi t ion 

proved by B. Maurey  and N. Tomczak in May 1993 (unpublished).  

PROPOSITION I: "Let X be a Banach space of cotype r, for some r < oo. Assume 

that X has a 1-unconditional basis {ez}l which generates a spreading model {ul }l. 

If  no disjointly supported blocks of {el}z of length < 3 with constant coefficients 

are equivalent to {uz}z, then there exists a subspace Y of X without local uncon- 

ditional structure, which admits a 2-dimensional unconditional decomposition. 

Proof: Denote  the span of {uz}z by E.  First  observe, by a compactness  a rgument ,  

tha t  if no subsequence of {et}t dominates  (resp. is domina ted  by) {uz}t and if 

{Am}m is a par t i t ion  of N into finite sets, then for every number  D there exists 

M such tha t  whenever  K is a subset  of N such tha t  IKNAml = 1 for 1 _< m < M 

then I[I: X[K ---> E[K[[ _> D (resp. ][1: ElK ~ X[K[[ _> D).  

By passing to subsequenees of {ez}z we may  assume tha t  

(Ia) ei ther  [[I: E[L -~ XIL[[ ---- oc for all infinite subsequences L of N, 

(Ib) or IlI: E - ,  xII  < oo. 

Par t i t ion  the whole basis {ez}l into four infinite sets {ei,l}z for i = 1 , . . . ,  4. Of 

course E is the spreading model  for each {e~,t}l (i = 1 , . . .  ,4). In the proof  we 

shall use a shor thand  nota t ion  ~ to denote  tha t  two sequences are 2-equivalent. 

CASE (Ia): Set fl,~ = el,l for all l and let A1 = {Al,m}m consist of singletons. 

Let F1 = s--p-~[flj]l. Let A2 = {A2,m}m be a par t i t ion of N into successive 

intervals such tha t  IlI: EIA2, m -+ F1]A2,m]I > 22m for all m. Define f2,1 for 

1 E A2,m by induction in m. For 1 E A2,1 set f2,z = e2,s~+t, where Sl is so 
" - ] A 2  I] large t ha t  {h,l}le&,~ ~ ~ulh=f �9 Then  having defined f2 j  for all 1 E A2,m 

set, for l C A2,m+l ,  f2,l • e2,s,~+~+l, where Sm+l > S m  + Ia2,ml is so large t ha t  
r ~1A2,,~+11 {f2,z}teA~,m+~ ~ tUzh=I . In part icular ,  {f2,1}t is a subsequence of {e2j)z. 

Let  F2 = s--P--~[f2,l]z. 

By our initial r emark  we can define by induction a sequence 0 = Mo < M1 < 

�9 -. < Mj < . . .  such tha t  for every j = 1 , 2 , . . .  whenever  K C N satisfies 

IKAA2,m] = 1 for M~- I  < m < Ms, then  IlI: E lK --~ F2]K]I > 22j. Then  
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M 7 set A3,3 = U,~=M,_~+a A2,m for j = 1 ,2 , . . . .  Define {fa,z}z as a subsequence of 

{e3,z}t such tha t  {f3,t}leAz.j ~ {Ul}Iml '~1, and set F3 = s--P-~[fa,1]t. 

Finally, using the same construct ion once more for the part i t ion A 3 = {Aaj  }3, 

find a par t i t ion A4 = {A4,=}n with A4 -< A3 such that  for every K E /C4,= 

we have HI: ElK ~ Fa]K[I >_ 2 2= (for n = 1 ,2 , . . . ) .  Then  define {f4,l}l as a 

subsequence of {e4,1}l such that  {f4,l}lr ~ {Uz}IA] '"1 for n = 1, 2 , . . . ;  and by 

F4 = s~-s denote  the corresponding subspace. 

To check conditions (6), it is enough to observe that  for i = 1 ,2 ,3  and m = 

1 , 2 , . . . ,  and every K E 1C,+1,,~ we have K C A,+l,m; and hence {f~+l,t}leu "~ 

{ul}l_gl, in other  words, F,+I[K ~ ElK. Therefore,  by our construction,  

III: Y,,+~l~ -+ F, IKll >_ (1/2)[1I: ElK + F, IKII > 22m-1 = ~m 1' 

To check (4), note tha t  for i = 1,2,3 and m = 1 ,2 , . . .  and every A,,m one has 

F ,  IA . . . .  ~ F , + l l A  ..... ~ E I A  ..... . 

Finally, all the Fs 's  are spanned by suhsequences of the 1-unconditional basis, 

hence the project ions R~  ) have norms equal to 1. This shows case (Ia). 

CASE (Ib): Set fl,z = el,l for all l and let {Al,m}m be singletons. Let  F1 = 

span[f l j ] t .  Since [lI: E --4 Fill <_ IlI: E + XII < e% we must  have 

II/: El -* Ell = c~. Let  A2 = {Az,m}.~ be a part i t ion of N into successive inter- 

vals such tha t  [11: fx  [A=,m -~ EIA=,,,~ II >- 2~m for all m. Define the sequence {f2,z}l 

as a subsequence of {e2,1}l in the same way as in Case (Ia) and let F2 be its span. 

Then  for all m we have F2IA=,m ~ E[A= .... hence III: FIIA=,,. -+ F2IA=,.,~I[ >_ 2 2m. 

Since III: E --+ F1][ < ~ ,  and IlI: E --+ Fell < oc, then also 

IlI: E -+ D(F1 | F2)II < o~, where D(F1 �9 F2) := ~ [ f l , l  -t- f2,l]l. 

Thus  llI: D(F1 | F2) --~ E l l  = ~ .  As in Case (Ia) we can find an increas- 

ing sequence {M3} of integers and a par t i t ion A3 = {A3,j}j of N with A3j  = 
M3 Um=Mj_l+l A2,m such tha t  for every K E E3,~ we have 

III: D(F1 @ F2)IK ~ EIK[[ k 2 2"7. 

We then define a subsequence {f3,l}z of {e3,1}t, so tha t  its span F3 satisfies 

F3[Aa,j ~ EIA3,3, for all j .  
Finally we define a par t i t ion A4 = {A4,n}n with A4 ~4 A3 such tha t  for every 

K e /C4,n we have IlI: D(F1 �9 F2 | F3)IK -+ EIKII >_ 2 2n (for n = 1 ,2 , . . . ) ,  

and then  we define a subsequence {f4J}l of {e3,t}z, so tha t  its span F4 satisfies 

F4]A4,,~ "" E]A4,=, for all n. 
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Just as in Case (Ia), it is easy to check that (4) and (5) are satisfied, and that 

all the projections R~ ) have norms equal to 1. | 

Proof of Theorem 3.1 in Case (II): The key argument in [K-T] was contained in 

Proposition 3.3. Slight modifications of the statement of this proposition and of 

all the proofs in Section 3 of [K-T] work here, provided that we can use Theorem 

-2.1. This requires proving a uniform bound for norms of natural projections on 

subspaces involved. This will follow by a deeper analysis of the construction in 

the case of subsymmetric bases. We formalize it by introducing a notion of a 

C-projection-regular pair which replaces the concept of a C-regular pair {A, F} 

from [K-T]. 

We say that  a partit ion A = {Am}m of N into consecutive intervals and a space 

F with a normalized Schauder basis {fz}l form a C-projection-regular pair, if the 

following conditions are satisfied: 

equiv(F[A.~, l~ Aml) ~_ C and the natural projection QAm: F --+ F[A.~ has (i) 
the norm [[QAm[[ -~ C, for m = 1 ,2 , . . . ;  

(ii) for every L E L:(A), the basis {ft}teL in F[L is 1-unconditional and the 

natural projection QL: F -+ F[L has the norm I[QL[[ -~ C (here s is 

the family of all L C N such that [LnA,~[ = 1 for all m); 

(iii) for arbitrary L,L' E s  one has equiv(F]L,F]L,) = 1. 

The modified Proposition 3.3 now additionally assumes that all spaces E, 

have subsymmetric bases, and it asserts that the constructed pairs {A,, F,} are 

C-projection-regular. 

The use of Rademacher functions in a setting of discrete Banach lattices gives 

more information for spaces with subsymmetric bases. For example, Tzafriri 's 

argument mentioned in [K-T] uses this approach; this can be also tackled by a 

modification of inequalities from Lemma 3.2 in [K-T]. One gets that for m E 

N and N = 2 'n, if E is an N-dimensional space of cotype r < ~ with a 1- 

subsymmetric basis {e~ }5, then m Rademacher vectors {fz} of the form 

N 

(7) fl = a ~-~ el(j)ej 
2----1 

are C-equivalent to the unit vector basis in g~n, where C depends on r and the 

cotype r constant. Moreover, {el(j)} are values of Rademacher functions on the 

diadic partition of the interval [0, 1], and so they are mutually orthogonal, that 

is, ~-~3 el(j)el,(j) = 0 i f /  ~ l'. 

For a given space E of cotype r with a subsymmetric basis {e3}3, and a par- 

tition A = {Am}m of N into consecutive intervals, we repegt word by word the 
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first part of the proof of Proposition 3.3 in [K-T] to get a subspace F = s-pWfi[f~]l 

of the following form: we fix arbitrary successive intervals of positive integers, 

{Ym}, with IJ,~l = 21A,~,I and by formula (7) we define vectors fl by 

fl = am E el(j)e, for 1 ~ Am, rn = 1 ,2 , . . . .  
j ~ J m  

All the conditions from [K-T] are satisfied as before; we need only check the 

boundness of the natural projections, QK: F ~ Fig given by QK(~l  azfz) = 
~ leK atfl, for K C N. 

In condition (i), Qn,~ is equal to the restriction to F of the natural projection 

PJm in E onto coordinates from Jm, hence is obviously bounded. 

In condition (ii), let L = {/m}m e s  Then {flm}m form a subspace FIL 
of E spanned by constant coefficient successive blocks. Consider the averaging 

projection PL in E given by the formula 

Pr(E a,e,): E(amlJml)-I ( E elm(J)a') fire" 
3 m l E J m  

The orthogonality relations of sign vectors {eg(j)} imply that for any l ~ L we 

have PL(ft) = 0. So the projection QL acting on F is equal to the restriction 

of PL to F. Finally let us recall ([L-T] 3.a.4), that averaging projections in a 

space with a subsymmetric basis have the norm I]PLII ~_ 2, and this shows that 

I]QLII -< 2. 
Now the proof of Theorem 3.1 starts by writing a space X with a subsymmetrie 

basis as an unconditional sum of 13 spaces E, with subsymmetric bases. Then 

the modified version of Proposition 3.3 proved above allows us to use Theorem 

.2.1 in the original argument. II 

Remark: Actually, even in Case II, a subspace without 1.u.st. can be constructed 

which has 2-dimensional unconditional decomposition. This can be done by an 

additional careful use of Krivine's theorem on finite block representability of fp. 

More details on this can be found in a recent survey paper IT]. However, the 

construction of Case II based on [K-T] is of interest in other situations than 

Theorem 3.1 as well. Similarly, Theorem ,2.1 is, as far as we know, one of very 

few results of this type which do not assume the unconditionality of the whole 

Schauder decomposition, but just of its subsets. The details will apear elsewhere. 
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